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We revisit the asymptotically Anti de Sitter spacetimes in three dimensions. Using the 
conformal-completion technique, we formulate the boundary conditions in a covariant 
fashion and construct the global charges associated with the asymptotic symmetries. The 
charges so constructed are conserved for the asymptotic Killing vectors fields but are not 
conserved for the asymptotic conformal Killing vector fields. The quantity integrated to 
obtain the global charge is interpreted as the Brown- York boundary stress-energy tensor 
and it is found not to be traceless. The trace is interpreted as the Trace Anomaly and it 
turns out to be the same as the Brown-Henneaux central charge. 
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1. Introduction 

The spacetimes which asymptote to Anti dc Sitter have attracted much attention 
in the context of the conjectured AdS/CFT correspondence. One (of the many) 
non-trivial test(s) of the correspondence is provided by an exact matching of the 
anomahes calculated on the gravity side on one hand and the gauge theory side on 
the other. Traditionally, the anomalies in the gravity side are calculated by regu- 
larizing the gravitational action by subtracting some counterterms constructed out 
of the boundary-covariant quantities.^ This regularization depends upon the rep- 
resentative of the conformal class of the metric on the boundary and hence breaks 
conformal invariance thus leading to the conformal anomaly in the odd dimensional 
spacetimes.l^ However, if one constructs the conserved quantities using only the 
conformal structure of the boundary, working directly with the equations of motion 
instead of the action, one doesn't find any anomalies in any dimensions greater 
than three.'^ Now, we know from the work of Brown and Henneaux that in three di- 
mensions the poisson bracket algebra of the canonical generators of the asymptotic 
symmetries is the central extension of the lie algebra of the asymptotic symmetries 
The anomaly shows up as the central charge. The purpose of this article is to inves- 
tigate if we can reproduce this anomaly using the conformal completion techniques 
of Ref. [3] in three dimensions. 



2. Boundary Conditions, Global Charges and Anomaly 

A 2-1-1 dimensional spacetime {M,gab) will be called Asymptotically AdS if there 
exists a manifold (M, gab) with boundary I and a diffeomorphism from M onto 
M — I such that the following conditions hold : 
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(i) 3 a function on M such that on M 

gab = gab- 
in) I is topologically S-'^ x R, £7 vanishes on I while na := Va^^ is nowhere vanishing 
on I. 

(iii) on M, satisfies 

Rab - ^Rgab + J^gab = SnGTab- 

(iv) Q~^Tab admits a smooth limit on I. 

By choosing a different conformal factor ft' = uil, we can show that 

V'^n'f, = ujVanb + gabn^VcUJ, 

where, n'^ — Va(wJ7), V' is the covariant derivative with respect to the metric 
rescaled by and the equality holds on I. Therefore, we can choose the con- 

formal factor such that ^a^b vanishes on I. We suppose that we have made this 
choice. In particular, the extrinsic curvature of I vanishes. Notice that w itself is 
unrestricted on I. 

Writing the Einstein equation in terms of the unphysical geometrical quantities 
but the physical matter we get, 

Sab + ^ -^gabin.n) - l^gab = Lab (1) 



where. 



Sab — Rab — -^Rgab, (2) 
Lab = 8TTG{Tab - ^Tgab)- (3) 

Mutliplying Eq. (P) by fl'^ and taking the limit f2 — !• we get, 

n.n = —A = on I. (4) 

Hence, the boundary I is time-like. Taking the antisymmetrized derivative of Eq. 
(dJ we get, 

V[,Sa]b - (V[,(r!L„]b) - gb[cLa]dn'') • (5) 

Finally, taking the limit il — > and the appropriate projections on I we get a 
Differential "Conservation" Law, 

Do^tI^ = 8TTGfa.yn''hJ (6) 
where, t^^ is Sab with the indices projected on the boundary, I. We interpret 
^ Tai3 as the Brown- York boundary stress-energy tensor.^l Given a vector field 
^'^ on the boundary, we integrate Da{Tp(,^) over a portion of the boundary AX 
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enclosed between the cross-sections Ci and C2 to get the integrated version of the 
"Conservation" Law: 



8ttG 

where, A is the Trace Anomaly, 



■JC1-C2 J AX ^ J AX 



(7) 



Comparing A with the trace anomaly in the two dimensional conformal field theory, 
cR 

Ttf = , we get the Brown-Henneaux central charg^ , 

2477 ^ 6 ' 



3^ /„s 



The global charge corresponding to is defined as 

S?-^£r„/3rrfs^ (10) 

From Eq. (O we see that is conserved for the killing vector(KV) field of X but 
is not conserved for the conformal killing vector (CKV) field of X. Although, CKV 
fields of X are the generators of the asymptotic symmetry group because they keep 
the boundary conditions invariant, we see that the conserved quantities correspond 
only to the KV fields of I. Even in the absence of the matter, the non-conservation of 
global charges corresponding to the CKV fields is attributed solely to the anomaly. 

2dci - Qdc2 = Matter Flux + Anomaly Flux. (11) 

We have therefore, reproduced the anomaly in three dimensions using the conformal 
completion technique of Ref . 3 , It will be interesting to see why in this approach 
the anomaly doesn't show up in higher dimensions and also how the anomaly is 
reflected in the covariant phase space Hamiltonian formalism. 
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